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EQUIVARIANT GROMOV-WITTEN THEORY OF AFFINE
SMOOTH TORIC DELIGNE-MUMFORD STACKS
BOHAN FANG, CHIU-CHU MELISSA LIU, AND ZHENGYU ZONG
Abstract. For any finite abelian group G, the equivariant Gromov-Witten
invariants of [Cr/G] can be viewed as a certain kind of abelian Hurwitz-Hodge
integrals. In this note, we use Tseng’s orbifold quantum Riemann-Roch the-
orem to express this kind of abelian Hurwitz-Hodge integrals as a sum over
Feynman graphs, where the weight of each graph is expressed in terms of
descendant integrals over moduli spaces of stable curves and representations
of G. This expression will play a crucial role in the proof of the remodeling
conjecture for affine toric Calabi-Yau 3-orbifolds in [19].
1. Introduction
Gromov-Witten invariants are virtual counts of parametrized algebraic curves in
algebraic manifolds, or more generally, parametrized holomorphic curves in Ka¨hler
manifolds. Gromov-Witten theory can be viewed as a mathematical theory of A-
model topological string theory. The topological string theory on orbifolds was
constructed decades ago by physicists [15, 16], and many works followed in both
mathematics and physics (e.g. [20, 12, 3, 23, 25, 11]). Orbifold quantum coho-
mology was discussed in [30] along with many examples, in both abelian and non-
abelian quotients. Later, the mathematical definition of orbifold Gromov-Witten
theory and quantum cohomology was laid in [8, 1, 2].
Let T˜ = (C∗)r act on Cr by (t1, . . . , tr) · (z1, . . . , zr) = (t1z1, . . . , trzr), and let
φ : G → T˜ be a group homomorphism, where G is a finite abelian group. The
quotient stack [Cr/G] is an affine smooth toric DM stack (in the sense of [4]); it is
an affine toric orbifold iff φ is injective. In this note, we study all genus descendant
T˜-equivariant orbifold Gromov-Witten invariants of [Cr/G], which are essentially
abelian Hurwitz-Hodge integrals. By virtual localization, orbifold Gromov-Witten
theory of a general smooth toric DM stack can be reduced to theory of abelian
Hurwitz-Hodge integrals.
The quotient stack [Cr/G] can be viewed as the total space of a T˜-equivariant
rank r vector bundle over the classifying space BG of G, where T˜ acts trivially
on the base BG. By Tseng’s orbifold quantum Riemann-Roch theorem [27], all
genus descendant T˜-equivariant orbifold Gromov-Witten invariants of [Cr/G] can
be reconstructed from descendant integrals over moduli spaces of twisted stable
maps to BG. By Jarvis-Kimura [21], descendant integrals over moduli spaces of
twisted stable maps to BG can be reduced to descendant integrals over moduli
spaces of stable curves Mg,n. The goal of this note is to make the above process
more explicit in terms of Feynman graphs, following [14, 13]. Our main result
Theorem 1 is an expression of the total descendant T˜-equivariant Gromov-Witten
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potential of [Cr/G] as a sum over graphs, where the weights assigned to vertices of
these graphs are essentially descendant integrals over Mg,n.
Theorem 2 is a generalized version of Theorem 1. (See Section 4.2 for the precise
statements of Theorem 1 and Theorem 2.) In [19], we use Theorem 2 to prove
the remodeling conjecture for affine toric Calabi-Yau 3-orbifolds [C3/G], where G
is a finite subgroup of the maximal torus of SL(3,C). The remodeling conjec-
ture proposed by Bouchard-Klemm-Marin˜o-Vafa [5, 6] relates all genus open and
closed Gromov-Witten invariants of a toric Calabi-Yau 3-orbifold X (in particular,
a smooth Calabi-Yau 3-folds) to Eynard-Orantin invariants [17] of the mirror curve
of X . The remodeling conjecture was proved for C3 independently by L. Chen [7]
and by J. Zhou [29]. In [18], Eynard-Orantin provide a proof of the remodeling
conjecture for general smooth toric Calabi-Yau 3-folds.
Acknowledgments. The second author wishes to thank B. Eynard and N. Orantin
for helpful conversations. The research of the first author is partially supported by
NSF DMS-1206667. The research of the second and third authors is partially sup-
ported by NSF DMS-1159416.
2. Chen-Ruan Orbifold Cohomology
In this section, we describe the Chen-Ruan orbifold cohomology of BG and the
T˜-equivariant Chen-Ruan orbifold cohomology of [Cr/G] [9]. The quantum coho-
mology of an orbifold is a deformation of its Chen-Ruan orbifold cohomology. The
consideration of inertia stack in orbifolds appears very naturally in the study of
orbifolds, like orbifold Riemann-Roch theorem [22].
2.1. Chen-Ruan orbifold cohomology of BG. Let G be a finite abelian group
and BG the classifying stack of G. The inertia stack of BG is
IBG =
⋃
h∈G
(BG)h,
where
(BG)h = [{h}/G] ∼= BG.
As a graded vector space over C, the Chen-Ruan orbifold cohomology of BG is
H∗CR(BG;C) = H∗(IBG;C) =
⊕
h∈G
H0((BG)h;C),
where H0(BGh;C) = C1h. The orbifold Poincare´ pairing of H∗CR(BG;C) is given
by
〈1h,1h′〉 =
δh−1,h′
|G| .
The orbifold cup product of H∗CR(BG;C) is given by
1h ⋆ 1h′ = 1hh′ .
Following [21], we define a canonical basis for the semisimple algebraH∗CR(BG;C).
Given a character γ ∈ G∗ = Hom(G,C∗), define
φγ :=
1
|G|
∑
h∈G
χγ(h
−1)1h.
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Then
H∗CR(BG;C) =
⊕
h∈G
C1h =
⊕
γ∈G∗
Cφγ .
Recall that we have the orthogonality of characters:
(1) For any γ, γ′ ∈ G∗, 1|G|
∑
h∈G
χγ(h
−1)χγ′(h) = δγ,γ′,
(2) For any h, h′ ∈ G, 1|G|
∑
γ∈G∗
χγ(h
−1)χγ(h′) = δh,h′ .
Therefore,
〈φγ , φγ′〉 = δγ,γ
′
|G|2 ,
and
φγ ⋆ φγ′ = δγ,γ′φγ .
In particular, {φγ : γ ∈ G∗} is a canonical basis of the semisimple C-algebra
H∗CR(BG;C).
2.2. Equivariant Chen-Ruan orbifold cohomology of X = [Cr/G]. Given
any h ∈ G and i ∈ {1, . . . , r}, define ci(h) by
χi(h) = e
2π
√−1ci(h), 0 ≤ ci(h) < 1.
where χi : G → C∗ is the character associated to the action of G on the i-th
component of Cr. And define the age of h to be
age(h) =
n∑
i=1
ci(h).
Let (Cr)h denote the h-invariant subspace of Cr. Then
dimC(C
r)h =
r∑
i=1
δci(h),0.
The inertial stack of X is
IX =
⋃
h∈G
Xh,
where
Xh = [(Cr)h/G].
In particular,
X1 = [Cr/G] = X .
As a graded vector space over C,
H∗CR(X ;C) =
⊕
h∈G
H∗(Xh;C)[2age(h)] =
⊕
h∈G
C1h,
where deg(1h) = 2age(h) ∈ Q. The orbifold Poincare´ pairing of the (non-equivariant)
Chen-Ruan orbifold cohomology H∗CR(X ;C) is given by
〈1h,1h′〉X = 1|G|δh−1,h′ · δ0,dimC Xh .
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LetR = H∗(BT˜;C) = C[w1, . . . ,wr], where w1, . . . ,wr are the first Chern classes
of the universal line bundles over BT˜. The T˜-equivariant Chen-Ruan orbifold co-
homology H∗
CR,T˜
([Cr/G];C) is an R-module. Given h ∈ G, define
eh :=
r∏
i=1
w
δci(h),0
i ∈ R.
In particular,
e1 =
r∏
i=1
wi.
Then the T˜-equivariant Euler class of 0h := [0/G] in Xh = [(Cr)h/G] is
e
T˜
(T0hXh) = eh1h ∈ H∗T˜(Xh;C) = R1h.
Recall that the G-action on the i-th axis of Cr determines a character χi ∈ G∗ =
Hom(G,C∗). The image of χi : G → C∗ is isomorphic to Z/liZ for some positive
integer li. Define
R′ = C[w1/l11 , . . . ,w1/lrr ],
which is a finite extension of R. Let Q and Q′ be the fractional fields of R and
R′, respectively. The T˜-equivariant Poincare´ pairing of H∗
T˜,CR
(X ;C) ⊗R Q (which
is isomorphic to H∗CR(X ;Q) as a vector space over Q′) is given by
〈1h,1h′〉X = 1|G| ·
δh−1,h′
eh
∈ Q.
The T˜-equivariant orbifold cup product of H∗
T˜,CR
(X ;C)⊗R Q is given by
1h ⋆X 1h′ =
( r∏
i=1
w
ci(h)+ci(h
′)−ci(hh′)
i
)
1hh′ .
Define
(1) 1¯h :=
1h∏r
i=1 w
ci(h)
i
∈ H∗
T˜,CR
(X ;C)⊗R Q′.
Then
〈1¯h, 1¯h′〉X =
δh−1,h′
|G|e1
and
1¯h ⋆X 1¯h′ = 1¯hh′ .
Given γ ∈ G∗, define
(2) φ¯γ :=
1
|G|
∑
h∈G
χγ(h
−1)1¯h.
Then
〈φ¯γ , φ¯γ′〉X = δγγ
′
|G|2e1
and
φ¯γ ⋆X φ¯γ′ = δγγ′ φ¯γ .
In particular, {φ¯γ : γ ∈ G∗} is a canonical basis of the semisimple Q′-algebra
H∗
T˜,CR
(X ;C)⊗R Q′.
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3. Generating functions
3.1. The total descendant Gromov-Witten potential of BG. In [21], Jarvis-
Kimura studied all genus descendant orbifold Gromov-Witten invariants of BG for
any finite group G. In this subsection, we recall their results, under the assumption
that G is abelian.
Let Mg,n(BG) be moduli space of genus g, n-pointed twisted stable maps to
BG, and let
evj :Mg,n(BG)→ IBG =
⋃
h∈G
(BG)h
be the evaluation at the j-th marked point. Given h1, . . . , hn ∈ G, define
Mg,(h1,...,hn)(BG) :=
n⋂
j=1
ev−1j
(
(BG)hj
)
.
Then Mg,(h1,...,hn)(BG) is empty unless h1 · · ·hn = 1.
Given β1, . . . , βn ∈ H∗CR(BG;C) and a1, . . . , an ∈ Z≥0, define the correlator
〈τa1 (β1) · · · τan(βn)〉g,n :=
∫
Mg,n(BG)
n∏
j=1
ψ¯
aj
j ev
∗
jβj.
With this notation, we have
• For any h1, . . . , hn ∈ G,
〈τa1(1h1) · · · τan(1hn)〉g,n
=
{
|G|2g−1 ∫Mg,n ψa11 · · ·ψann if h1 · · ·hn = 1 and ∑ni=1 ai = 3g − 3 + n,
0 otherwise.
• For any γ1, . . . , γn ∈ G∗,
〈τa1(φγ1 ) · · · τan(φγn)〉g,n
=
{
|G|2g−2 ∫Mg,n ψa11 · · ·ψann if γ1 = · · · = γn and ∑ni=1 ai = 3g − 3 + n,
0 otherwise.
In particular,
〈1h,1h′〉 = 〈τ0(1)τ0(1h)τ0(1h′)〉0,3 =
δh−1,h′
|G| .
1h ⋆ 1h′ =
∑
k∈G
〈1h,1h′ , |G|1k−1〉0,31k = 1hh′
〈φγ , φγ′〉 = 〈τ0(1)τ0(φγ)τ0(φγ′)〉0,3 =
∑
δ∈G∗
〈τ0(φδ)τ0(φγ)τ0(φγ′)〉0,3 = δγ,γ
′
|G|2
φγ ⋆ φγ′ =
∑
δ∈G∗
〈φγ , φγ′ , |G|2φδ〉0,3φδ = δγ,γ′φγ .
Introducing formal variables
u =
∑
a≥0
uaz
a,
where
ua =
∑
α∈G∗
uαaφα ∈ H∗CR(BG;C).
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Define
〈u, . . . ,u〉g,n :=
∑
a1,...,an∈Z≥0
〈τa1 (ua1) · · · , τan(uan)〉g,n.
Then
〈u, . . . ,u〉g,n =
∑
a1,...,an∈Z≥0
∑
α1,...,αn∈G∗
(
n∏
j=1
uαjaj )〈τa1 (φα1) · · · , τan(φαn)〉g,n
=
∑
α∈G∗
∑
a1,...,an∈Z≥0
(
n∏
j=1
uαaj )|G|2g−2
∫
Mg,n
ψa11 · · ·ψann .
Define the generating functions
FBGg (u) :=
∑
n≥0
1
n!
〈u, . . . ,u〉g,n
DBG(u, ~) := exp
(∑
g≥0
~g−1FBGg (u)
)
.
The generating function DBG(u, ~) is called the total descendant Gromov-Witten
potential of BG.
3.2. The total descendant equivariant Gromov-Witten potential of X =
[Cr/G]. The quotient stack X = [Cr/G] is the total space of a vector bundle F
over BG of the form
F =
r⊕
i=1
Lχi , χ1, . . . , χr ∈ G∗.
The vector bundle F −→ BG is equipped with a T˜-equivariant structure. Let
Fg,n := R
•π∗f∗F = R0π∗f∗F −R1π∗f∗F ∈ KT˜(Mg,n(BG))
be the K-theoretic pushforward, where K
T˜
denotes the T˜-equivariant K-theory,
π : Cg,n →Mg,n(BG)
is the projection from the universal curve and
f : Cg,n → BG
is the universal map. Similarly, define
F ig,n := R
•π∗f∗Lχi = R
0π∗f∗Lχi −R1π∗f∗Lχi ∈ KT˜(Mg,n(BG)).
Then
Fg,n = F
1
g,n ⊕ · · · ⊕ F rg,n.
By orbifold Riemann-Roch theorem, for i ∈ {1, . . . , r},
(3) rankCF
i
g,n
∣∣∣
Mg,(h1 ,...,hn)(BG)
= 1− g −
n∑
j=1
ci(hj).
The T˜-equivariant Euler class of Fg,n is
(4) e
T˜
(Fg,n) =
r∏
i=1
(
w
rankF ig,n
i c 1
wi
(F ig,n)
)
,
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where
ct(F ) = 1 + c1(F )t+ c2(F )t
2 + · · ·
Given β1, . . . , βn ∈ H∗
T˜,CR
(X ;C)⊗RQ′ and a1, . . . , an ∈ Z≥0, define T˜-equivariant
genus g descendant orbifold Gromov-Witten invariants of X by
(5) 〈τa1(β1) · · · τan(βn)〉Xg,n :=
∫
Mg,n(BG)
∏n
j=1 ψ¯
aj
j ev
∗
jβj
e
T˜
(Fg,n)
.
Here we use the Q′-vector space isomorphism H∗
T˜,CR
(X ;C) ⊗R Q′ ∼= H∗CR(BG;Q′)
to view β1, . . . , βn as elements in H
∗
CR(BG;Q′). Introducing formal variables
uˆ =
∑
a≥0
uˆaz
a,
where uˆa ∈ H∗CR(X ;Q), and define
〈uˆ, . . . , uˆ〉Xg,n :=
∑
a1,...,an∈Z≥0
〈τa1 (uˆa1) · · · , τan(uˆan)〉Xg,n.
Define the generating functions
FXg (uˆ) :=
∑
n≥0
1
n!
〈uˆ, . . . , uˆ〉Xg,n
DX (uˆ, ~) := exp
(∑
g≥0
~g−1FXg (uˆ)
)
.
The generating functionDX (uˆ, ~) is called the total descendant T˜-equivariant Gromov-
Witten potential of X .
3.3. The twisted total descendant Gromov-Witten potential. In this sub-
section, we define a twisted total descendant Gromov-Witten potential Dtw(u, ~),
which is related to DX (uˆ, ~) by a simple change of variables. In Section 4, we will
write Dtw(u, ~) as a graph sum.
Given β1, . . . , βn ∈ H∗CR(BG;Q′), define and a1, . . . , an ∈ Z≥0, define twisted
correlators:
(6) 〈τa1(β1) · · · τan(βn)〉twg,n :=
∫
Mg,n(BG)
∏n
j=1 ψ¯
aj
j ev
∗
i βj∏r
i=1 c 1
wi
(F ig,n)
.
By (3), (4), (5), and (6), for any h1, . . . , hn ∈ G,
〈τa1(1h1) · · · τan(1hn)〉Xg,n =
r∏
i=1
w
g−1+∑n
j=1 ci(hj)
i 〈τa1(1h1) · · · τan(1hn)〉twg,n
or equivalently,
(7) 〈τa1(1¯h1) · · · τan(1¯hn)〉Xg,n = eg−11 〈τa1(11) · · · τan(1n)〉twg,n,
where 1¯h is defined by (1).
Let φγ be defined as in (2). Then for any γ1, . . . , γn ∈ G∗,
(8) 〈τa1(φ¯γ1) · · · τan(φ¯γn)〉Xg,n = eg−11 〈τa1(φγ1) · · · τan(φγn)〉twg,n.
Introduce formal variables
u =
∑
a≥0
uaz
a,
8 BOHAN FANG, CHIU-CHU MELISSA LIU, AND ZHENGYU ZONG
where ua ∈ H∗CR(X ;Q), and define
〈u, . . .u〉twg,n =
∑
a1,...,an∈Z≥0
〈τa(ua1) · · · τan(uan)〉twg,n.
Define the generating functions
F twg (u) :=
∑
n≥0
1
n!
〈u, . . . ,u〉twg,n
Dtw(u, ~) := exp
(∑
g≥0
~g−1F twg (u)
)
.
Then
DX (uˆ =
∑
a≥0
uˆaz
a, ~) = Dtw(u =
∑
a≥0
uaz
a, e1~),
where
uˆa =
∑
α∈G∗
uαa φ¯α, ua =
∑
α∈G∗
uαaφα.
4. Graph Sum
4.1. Orbifold quantum Riemann-Roch. For i ∈ {1, . . . , r}, define {sik : k =
1, . . . } by
exp
(∑
k≥1
sik
xk
k!
)
=
1
1 + x
wi
.
Then
sik = (k − 1)!(−wi)−k
1∏r
i=1 c 1
ui
(F ig,n)
= exp
( r∑
i=1
∑
k≥0
sik
chk(R
•π∗f∗Lχi)
k!
)
.
For i ∈ {1, . . . , r}, and each integer m ≥ 0, define
Aim : H
∗(IBG;C)→ H∗(IBG;C), 1h 7→ Bm(ci(h))1h,
where Bm(x) is the Bernoulli polynomial. Then
Aim(φα) =
∑
β
(Eim)
β
αφβ ,
where
(Eim)
β
α =
1
|G|
∑
h∈G
χα(h
−1)Bm(ci(h))χβ(h).
For each i ∈ {1, . . . , r}, Ai0, Ai2, Ai4, . . . are self-adjoint, and Ai3, Ai5, Ai7, . . . are
anti-self-adjoint. By Tseng’s orbifold quantum Riemann-Roch theorem [27],
(9) Dtw = exp
∑
m≥1
r∑
i=1
sim
(m+ 1)!
(Aim+1z
m)∧
DBG,
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where (
Aim+1z
m
)∧
=
∑
α,β∈G∗
(Eim+1)
α
β
−∑
ℓ≥0
qβl
∂
∂qαℓ+m
+
~|G|2
2
m−1∑
ℓ=0
∑
α,β∈G∗
(−1)ℓ+1+m ∂
∂qαℓ
∂
∂qβm−1−ℓ
 .
We have the dilaton shift∑
β∈G∗
qβ1 φβ =
∑
β∈G∗
uβ1φβ − 1 =
∑
β∈G∗
(uβ1 − 1)φβ .
So
qβ1 = u
β
1 − 1, ∀β ∈ G∗.
Therefore, we have
(
Aim+1z
m
)∧
=
∑
α,β∈G∗
(Eim+1)
α
β
 ∂
∂uαm
−
∑
ℓ≥0
uβℓ
∂
∂uαℓ+m
+
~|G|2
2
m−1∑
ℓ=0
∑
α,β∈G∗
(−1)ℓ+1+m ∂
∂uαℓ
∂
∂uβm−1−ℓ
 .
4.2. Sum over graphs. In this section, we write the right hand side of (9) as a
sum over graphs, following [14, 13].
Given a connected graph Γ, we introduce the following notation.
(1) V (Γ) is the set of vertices in Γ.
(2) E(Γ) is the set of edges in Γ.
(3) H(Γ) is the set of half edges in Γ.
(4) Lo(Γ) is the set of ordinary leaves in Γ.
(5) L1(Γ) is the set of dilaton leaves in Γ.
With the above notation, we introduce the following labels:
(1) (genus) g : V (Γ)→ Z≥0.
(2) (marking) α : V (Γ) → G∗. This induces α : L(Γ) = Lo(Γ) ∪ L1(Γ) → G∗,
as follows: if l ∈ L(Γ) is a leaf attached to a vertex v ∈ V (Γ), define
α(l) = α(v).
(3) (height) k : H(Γ)→ Z≥0.
Given an edge e, let h1(e), h2(e) be the two half edges associated to e. The order
of the two half edges does not affect the graph sum formula in this paper. Given
a vertex v ∈ V (Γ), let H(v) denote the set of half edges emanating from v. The
valency of the vertex v is equal to the size of the set H(v): val(v) = |H(v)|. A
labeled graph ~Γ = (Γ, g, α, k) is stable if
2g(v)− 2 + val(v) > 0
for all v ∈ V (Γ).
Let Γ(BG) denote the set of all stable labeled graphs ~Γ = (Γ, g, α, k). The genus
of a stable labeled graph ~Γ is defined to be
g(~Γ) :=
∑
v∈V (Γ)
g(v) + |E(Γ)| − |V (Γ)|+ 1 =
∑
v∈V (Γ)
(g(v)− 1) + (
∑
e∈E(Γ)
1) + 1.
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Define
Γg,n(BG) = {~Γ = (Γ, g, α, k) ∈ Γ(BG) : g(~Γ) = g, |Lo(Γ)| = n}.
Define the operator R(z) to be
R(z) = exp
(∑
m≥1
(−1)m
m(m+ 1)
r∑
i=1
Aim+1(
z
wi
)m
)
.
Then (9) can be written as
Dtw = R(z)∧DBG.
Under the canonical basis {φγ : γ ∈ G∗}, we have
R(z)αβ =
1
|G|
∑
h∈G
χα(h)χβ(h
−1) exp
( ∞∑
m=1
(−1)m
m(m+ 1)
r∑
i=1
Bm+1(ci(h))(
z
wi
)m
)
.
Given β ∈ G∗, define
uβ(z) =
∑
a≥0
uβaz
a.
We assign weights to leaves, edges, and vertices of a labeled graph ~Γ ∈ Γ(BG)
as follows.
(1) Ordinary leaves. To each ordinary leaf l ∈ Lo(Γ) with α(l) = α ∈ G∗ and
k(l) = k ∈ Z≥0, we assign:
(L˜u)αk (l) = [zk](
∑
β∈G∗
R(−z)βαuβ(z)).
(2) Dilaton leaves. To each dilaton leaf l ∈ L1(Γ) with α(l) = α ∈ G∗ and
2 ≤ k(l) = k ∈ Z≥0, we assign
(L˜1)αk (l) = [zk−1](−
∑
β∈G∗
R(−z)βα).
Note that
1
|G|
∑
β∈G∗
χβ(h) =
1
|G|
∑
β∈G∗
χβ(h)χβ(1) = δh,1.
So ∑
β∈G∗
Rβα(−z) = exp
( ∞∑
m=1
1
m(m+ 1)
r∑
i=1
Bm+1(
z
wi
)m
)
.
(3) Edges. To an edge connected a vertex marked by α ∈ G∗ to a vertex marked
by β ∈ G∗ and with heights k and l at the corresponding half-edges, we
assign
E˜α,βk,l (e) = [zkwl]
( |G|2
z + w
(δα,β −
∑
γ∈G∗
R(−z)γαR(−w)γβ)
)
.
(4) Vertices. To a vertex v with genus g(v) = g ∈ Z≥0 and with marking α(v) =
γ ∈ G∗, with n ordinary leaves and half-edges attached to it with heights
k1, ..., kn ∈ Z≥0 and m more dilaton leaves with heights kn+1, . . . , kn+m ∈
Z≥0, we assign
|G|2g−2
∫
Mg,n+m
ψk11 · · ·ψkn+mn+m .
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We define the weight of a labeled graph ~Γ ∈ Γ(BG) to be
w˜(~Γ) =
∏
v∈V (Γ)
|G|2g−2〈
∏
h∈H(v)
τk(h)〉g(v)
∏
e∈E(Γ)
E˜α(v1(e)),α(v2(e))k(h1(e)),k(h2(e)) (e)
·
∏
l∈Lo(Γ)
(L˜u)α(l)k(l) (l)
∏
l∈L1(Γ)
(L˜1)α(l)k(l) (l).
Then
log(Dtw(u)) = log(RˆDBG(u)) =
∑
~Γ∈Γ(BG)
~g(
~Γ)−1w˜(~Γ)
|Aut(~Γ)|
=
∑
g≥0
~g−1
∑
n≥0
∑
~Γ∈Γg,n(BG)
w˜(~Γ)
|Aut(~Γ)|
.
log(DX (uˆ)) =
∑
~Γ∈Γ(BG)
(~e1)
g(~Γ)−1w˜(~Γ)
|Aut(~Γ)|
.
To obtain the graph sum of log(DX (uˆ)), we assign a new weight w(~Γ) to each
labeled graph ~Γ ∈ Γ(BG). Define
(Lu)αk (l) =
1
|G|√e1 (L˜
u)αk (l), (L1)αk (l) =
1
|G|√e1 (L˜
1)αk (l),
Eα,βk,l (e) = [zkwl]
( 1
z + w
(δα,β −
∑
γ∈G∗
R(−z)γαR(−w)γβ)
)
,
and define
w(~Γ) =
∏
v∈V (Γ)
(|G|√e1)2g(v)−2+val(v)〈
∏
h∈H(v)
τk(h)〉g(v)
∏
e∈E(Γ)
Eα(v1(e)),α(v2(e))k(h1(e)),k(h2(e)) (e)
·
∏
l∈Lo(Γ)
(Lu)α(l)k(l) (l)
∏
l∈L1(Γ)
(L1)α(l)k(l) (l).
With the above notation, we have the following graph sum for log(DX (uˆ)).
Theorem 1.
(10) log(DX (uˆ)) =
∑
g≥0
~g−1
∑
n≥0
∑
~Γ∈Γg,n(BG)
w(~Γ)
|Aut(~Γ)|
.
(11)
〈uˆ, . . . , uˆ〉Xg,n
n!
=
∑
~Γ∈Γg,n(BG)
w(~Γ)
|Aut(~Γ)|
.
Finally, we state a straightforward generalization of (11). Let Γg,n,n′(BG) be
the set of genus g stable graphs with n ordered ordinary leaves and n′ unordered
ordinary leaves. In particular, Γg,0,n(BG) = Γg,n(BG). Given ~Γ ∈ Γg,n,n′(BG), let
LO(Γ) = {l1 . . . , ln} be the set of ordered ordinary leaves in Γ, and let Lo(Γ) be the
set of unordered ordinary leaves in Γ; we assign the following weight to this labeled
graph ~Γ ∈ Γg,n,n′(BG):
w(~Γ) =
∏
v∈V (Γ)
(|G|√e1)2g(v)−2+val(v)〈
∏
h∈H(v)
τk(h)〉g(v)
∏
e∈E(Γ)
Eα(v1(e)),α(v2(e))k(h1(e)),k(h2(e)) (e)
·
n∏
j=1
(Luj )α(lj)k(lj) (lj)
∏
l∈Lo(Γ)
(Lu)α(l)k(l) (l)
∏
l∈L1(Γ)
(L1)α(l)k(l) (l),
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where
(Luj )αk (lj) = [zk]
1
|G|√e1
( ∑
β∈G∗
R(−z)βαuβj (z)
)
, uβj (z) =
∑
a≥0
(uj)
β
az
a.
Define
uˆj =
∑
β∈G∗
u
β
j (z)φ¯β .
We have the following generalization of (11).
Theorem 2.
1
(n′)!
〈uˆ1, . . . , uˆn,u, . . . ,u〉Xg,n+n′ =
∑
~Γ∈Γg,n,n′(BG)
w(~Γ)
|Aut(~Γ)|
.
Theorem 2 will play a crucial role in the proof of the remodeling conjecture for
affine toric Calabi-Yau 3-orbifolds in [19].
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